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The Wang Algorithm for the propositional Calculus.

The Wang Algorithm 1s a method of deciding whether or not a formula
1n the propositional calculus is a theorem. The reader will need to know

something about the propositional calculus in order to understand this

discussion.

We use the five logical constants ~ (not), A (and), V (or), > (impli=-

-

cation) ,

(equivalent), with their usual interpretations.

A propositional letter P, Q R, M or N, et cetera, is a formula
(and an "atomic formula"). If ¢, y are formulae- then ~ ¢, ¢ A U, ¢ V o,
$> ¥, ¢ = ¥ are formulae. If m, p are strings of formulae (each, in
particular, might be an empty string or a single formula) and ¢ is a
formula, then m, ¢, p 1s a string and 7 -+ p is a sequentwhich, intuitive-
ly speaking, 1is true if and only if either some formula in the string =

(the "antecedent") is false or some formula in the string p (the "con-

sequent") is true, i.e., the conjuction of all formulae in the antecedent
1mplies the disjunction of all formulae in the consequent.

There are eleven rules of derivation. An initial rule states that a
sequent with only atomic formulae (proposition®letters) is a theorem if
and only 1f a same formula occurs on both sides of the arrow. There are
two rules for each of the five truth functions~ one introduveing it into
the antecedent, one introducing it into the consequent. One need only
reflect on the intuitive meaning of the truth functions and the arrow
si1gn to be convinced that these rules are indeed correct. In Wang, Hao
"Toward Mechanical Mathematics", IBM. I. Res. Develop., Vol. by No. 1,
Januari 1960 is a proof given of their completeness, 1.e.,, all intuitive-
ly valid sequents are provable, and of their consistency, i.e., all

provable sequents are intuitively valid.

P1. Initial rule: if A, ¢ are strings of atomic formulae, then A\ - ¢ is

a theorem 1f some atomic formula occurs on both sides of the arrow.

In the ten rules listed below, A and ¢ are always strings (possibly
empty) of atomic formulae. As a proof procedure in the usual sense, each
proof begins with a finite set of cases P1 and continues with successive

consequences obtained by the other rules.



The rules are so designed that given any sequent, we can find the
first logical connective, and apply the appropriate rule to eliminate
1t, thereby resulting i1n one or two premises.which, taken together, are
equivalent to the conclusion. This process can be repeated until we
reach a finlte set of sequents with atomic formulae only. Each connec-
tive-free sequent can then be tested for being a theorem or not, by the
initial rule. If all of them are theorems, then the original sequent is
a theorem and we obtaln a proof; otherwise we get a ccunterexample and
a disproof. Some simple samples will make this clear.

For example, given any theorem of "Principia," we can automatically
preflx an arrow to it and apply the rules to look for a proof. When the

maln connective 1is 3, 1t is simpler, though not necessary, to replace the

maln connective by an arrow and proceed. For example:

*‘thsa . 'V (PVQ)'M}“ v P’
L .21, : v P A~NVQ.S, P

Q

can be rewritten and proved as follows:

*2 , 45, ~ (PVQ) » ~ P
(1) » ~ P, PVQ
(2) P » PVQ
(3) P> P, Q
VALID
*i, 21, > P A~NVQRD. P =Q
(1) v PA~NQ>P =Q
(2) v P, v Q>P =Q
(3) v Q> P = Q,P
(4) - P = Q,P,Q
(5) P » Q,P,Q
VALID
(5) @ ~ P,P,Q
VALID

3

P2a., Rule » ~n: If ¢, ¢ - A,p, then g - A, v ¢, 0.
P2b., Rule ~ »: If A, p » 7,6, then A,V ¢, p > 7 &



P3a. Rule - A: If ¢ > A,¢, p and ¢ > A, ¢, p, then ¢ > A, ¢ A ¥, p.
P3b. Rule A »: If A, ¢, U. o, +~ m, then A, ¢ A " p > m,

Phla. Rule -~ V: If ¢ > A, ¢, Yy Py, then 7 > A, ¢VY, p.

PLb., Rule V =»: If A. ¢y P> 7 and A, Y, p > W, then A, VY, p > 7.
P>a. Rule ~2: If ¢.¢ > A,¥,p,then ¢ > A, ¢3¢0 , p.

P5b. Rule D »: If A,y, o > ™ and A, p > m,¢ then Aydd3y, p » m.
Pba. Rule ~ If ¢, 2 > X, p and ¢, ¢ > A, ¢, 0. then ¢ » A, ¢Z¢, 0.
P6b. Rule = »: If ¢, Y, A, p - 7 and Ay p > 1T, ¢, Y, then Ay¢

I

[

Pyp>me

(2) The LISP Program. We define a function theorem{s}whose value 1s

M

truth or falsity according to whether the sequent s is theorem.

The sequent

’S: ¢1,¢¢a, ('b +lj}1’aa5, ll)m

Il

1s represented by the S-expression

s:(ARROW, (47,0eey ¢7), (7,00, )

- L - o & %
where 1n case the ellipsis ... denotes missing terms, and where ¢

denotes the S~expression for ¢.
Propositional formulae are represented as follows:

1. For "atomic formulae" (Wang's terminology) we use "atomic symbols"

(LISP terminology).

2. The following table gives our '"'Cambridge Polish" way of re-

presenting propositional formulae with given main connectives.

Te Vv ¢ becomes (NOT ¢*')

2. ¢ A ¥  becomes (AND ¢ ¢ )

3. ¢ V becomes (OR ¢¥ w*)

Le ¢ 3 ¢ becomes (IMPLIES fb* w*)
5 ¢ = Y becomes (EQUIV d*'d* )

Thus the sequent
v P A~NQ>P = Q, RVS
1s represented by
(ARROW ((AND (NOT P) (NOT Q))) ((EQUIV P Q) (OR R 8)))



The S-function theorem {s} is given in terms of auxiliary functions

as follows:

theorem{s} = thl {NIL; NIL; cadr{s}; caddr{s}}

thl{al; a2; a; c} = {null{al}>th2{al; a2; NILj; NILj; c}; T»
member{car{al};cl}V{atom{car{al}l} >
thl{ ‘member{car{al}l; all-al; T> cons{car{
alsalll}l; a2; cdr{a}l; cl; T »thl{al;{
member{car{als; a2} »a2; T+ cons{

car{a}; a2}} ; cdr{al; c}t}}

th2{alja2jcl;c23c}t = {null{cl+th{alsa2;cl;c2};atom{
car{c}}> th2{al;a2; {merher{car{
cls cl}rcly;T> cons{car{cl;cll}};
c2;cdr{cl}};T> th2{al;a25cl;{
member{car{c};c2}+> c23T> cons{

car{cl;c2}}icur{c}l}}

th{al;a2;cl:;c2}t= {null{a2}>vnull{c2}Athr{car{c2};
alsjasjclyecdr{c2}};T> the{car{a2};
alicdr{a2};cls;c2}}

th 1s the maln predicate through which all the recursions take
place. theorem, thl and th2 break up and sort the information 1n the
sequent for the benefit of th. The four arguments pf th are:
al: atomic formulae on left side of arrow
a2: other formulae on left side of arrow
cl: atomic formulae on right side of arrow
c2: other formulae on right side of arrow
The atomic formulae are kept separate from the others to make
faster the detection of the occurence of formula on both sides of
the arrow and the finding of the next formula to reduce. Each use
of th represents one reduction according to one of the 10 rules.
The formula to be reduced 1s chosen from the left side of the

arrow i1f possible. According to whether the formula to be reduced

1s on the left or right we use thl or thr.



We have

the{ujaljal2jcl;c2} = {
car{u} = NOT> thlr{cadr{ul;alja2jcl:c2}:
car{u} = AND > th2{cdr{u} ;alja23clzc2} :
car{u} = OR - thlf{cadr{u} j;alial:cl:c2}A thl{
caddr{u}ial;a2sclyc2};

car{u} = IMPLIES -+ thlf{caddr{u} ; ali;a2:;cl:c2}A thlr{
cadr{ul};alza2:cl;c2}:
car{u} = EQUIV> th2&{cdr{u} :alza2:;cl:c2}Ath2r{

cdriu} ; alza23clsc2},
T =+ error{list{THLjujalsa23clic2}}}

thr{uzalza2;cl:c2} = {

car{u} = NOT » thlf{cadr{u}ljal;al;cl:c2}:

car{u} = AND + thlr{cadr{u};al;a2;clsc2}Athlr{
caddr{u}ial;a23;cl;c2};
OR - th2r{cdr{ul}l; al;a2;cl;c:}
car{u} = IMPLIES - thl 1l{cadr{ul};cadd~{u};alsa2:cl:c2}:
EQUIV »> thl l{cadr{ul}; caddr{ul}ial;a2:cl:c2}A
thl 1{caddr{ul}l; cadr{ul;al;a23cl;c2}:
T - error{THR:ujalza2:cl:c2}}}

car{u}

[

car{u}
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of the reduced formula to the approciate places in the reduced sequent.

These functions are
thlf{v;al;a2;cl;c2} = {atom{v}> member{v;ecll}V
th{icons{vy;all:; a23clsc2};T » member{v:;c2l}V
th{alscons{via2}:cl:c2}}

thlr{vyal;a23clyc2} = {atom{v} > member{viall}l V
thialja2icons{vycll};c2} :T > member{v;a2}Vv
th{alsa2;clicons{vyc2 }}}



th28{vialsal;cl;c2} = {atom{car{v}} + {member{car{v}:cl}V

thlfcadr{v};cons{car{v};al} :a2;cl:c2 :T - member{
car{v};c2}vVv

thlf{cadr{v};al;cons{car{v}:a2}kclsc2}}

th2r{v;alja2;cl;c2} = {atom{car{v}} - member{car{v:allV

thlr{cadr{v};al;a2;cons{car{v};cl}:c2}:T » member/

car{v};a2}Vv
thlr{cadr{v};al;a2;cljcons{car{v}:c2}}}

thl 1{vl;v2al;a2;cl;c2} = {atom{vl} - member{vl:cl}V
thlr{v2;cons{vl;all}l;a2;cl;c2};T > member{vl;c2}V
thlr{v2;al;cons{vla2}:cl:c2}}

Finally the function member is defined by

member{x;u} = ~ null{u}A{equal{x;car{u}}Vmember{x:cdr{u}}}
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where each P, 18 an cypression whose value may be truth or falsity and

each e 1S any expression.

The meaning of a conditional expression is:

Ifjp1 1s true then the value of e_, is the value of the entire expression.

]

If P, 1s false then if 1 1s true the value of e, 1s the value of the

entire expression.

The p. are searched from left to right until the first true one is found
Then the corresponding e. 1s selected.

If none of the p. are true, then the value of the entire expression is
undefined.

A conditional expression as above has in the LISP-ALGOL system the
following transcription:

af p, then e .EEEEHiE.Pg then e, else ... 1f p then e else e

1 2 n-—1 N—-1 == n
Consequently the system does not accept conditional expressions with

all the P false. Si1de effects of the last predicate p are 1gnored,

2e p A g={p > q; T ~» F}
5o 1n ALGOL: if p then g else false

3. pVag=1{p~>T; T~ q)
in ALGOL: 1f p then true else q

4o v p = {p > F;: T »> T}



begin

corment LISP—prog

amma Hao—-Wang in AILGOL, van de Iaarschot:

integer NOT, AND, (R, IMPLIES, EQUIV, NTL, a, b:

orocedure null(x); value x; inte

Ler X3

null:= if atom(x) then eq(x,NIL) else false:

Boolean procedure equal(x,y); value x, yj integer x, y:

equal:= atom(x) A atom(y) then'eq(x,y) else

1 atomf{x) A 1 atom(y) then

eq_ual(car-(x ),car(y)) A equal(cdr(x),cdr(y))

else false:

Boolean procedure member (x,y); ‘value x, 'y3 integ

member:= if null(y) then false else:if:

equal(x,car(y)) then true else

menmber (x,cdr (v ));

Boolean procedure thl{u,al,a2,cl;c2);

value u,al,a2,cl,c2; integer u,al,a2,cl,c2;

thl:= if eq(ecar(u),NOT) then

thlr(car(cdr(u)),al,a2,c1,c2) else if

eq (car(u),AND) then th2l(edr(u),al,a2,c1,c2)

else if eq(car(u),C(R) then




( if th1l(car(cdr(u)),al1,82,c1,c2) then

th1l(car(cdr(cdr(u))),al,a2,c1,c2) else

false) else if eq(car(u),IMPLIES) then

(if thi1l(car(cdrfcdr(u))),al1,a2,c1,c2) then

thir(car (cdr(u)),al1,a2,¢1,c2) else false)

else if th2l(cdr(u),al,a2,c1,c2) then

th2r (cdr(u),al,a2,c1,c2) else false:

Boolean procedure thr(u,al,a2,cl;c2);

ve.lue u,al,a2,cl1,c2; integer u,al,a2,cl,c2;

thr:= if eq(car(u),NOT) then

th1l (car(edr(u)),al,a2,c1,c2) else if

eq (ear (u),AND) then

(1f thir(car(cdr(u)),al,a2,c¢1,¢c2) then

thir(ear(cdr(cdr(u))),al;a2;c1,c2) else false)

else if eq(car(u),(R) then

th2r(cdr(u),al,a2,c1;c2) else if

- L

eq ( car ( u ) , IMPLTES ) then

th11 (car(cdr (u) ),car(cdr(cdr(u))),al,a2,c1,c2)

else }i

th11 (car(cdr(u)),car(cdr(cdr(u))),al,a2,c1,c2)

then

- th11 (car(cdr(cdr(u))),car(cdr(u)),al,a2,c1,c2)

else false;
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orocedure thl] (V1 yveal,al2,cl,c2 )3

value vl,v2,al,a2,cl,c2; integer vi1,v2,al,a2,cl1,c2;

thll:= if atom(v1) then

( 1f menmber(vl,c1) then true else

thir(v2,cons (vl,a1);22,¢1,c2))

else if member(vl,c2) then true else

thlr(v2,al,cons(vl,a2),¢c1,c2);

ther:= if atom(car(v)) then

(,},_f: member (car(v) sal ) then true else

thir(car(cdr(v)),al,a2,cons(car(v),c1),c2))

else if member(car(v),a2) then true else

thlr (car(cdr(v)),al,a2,cl,cons(car(v),c2));

Boolean procedure th2l(v,al,a2;c1,c2);

value v,al,a2,cl,c2; integer v,al,a2,cl,c2;

th2l:= if atom(car(v)) then

( if member (car(v),c1) then true else .

“th1l(car(cdr(v)),cons(car(v),al);a2;c1,c2))

else if member (car(v),c2) then true else

th1l(car(cdr(v)),al,cons(car(v),a2),cl,c2);
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Boolean procedure thlr(v,al,a2;cl,;c2);

value v,al,a2,cl,c2; iriteger v,al,a2,cl,c2;

thir:= if atom(v) then

( if menber(v,al) then true else

th(al,a2,cons(v,c1),c2)) else

if mermber(v,a2) then true els

w

th(al,a2,c1,cons(v,c2));

Boolean procedure thil(v,al,a2,c1,c2);

value v,al,a2,cl,c2: integer v,al,a2,c1,c2;

e

thil:= if atom(v) then

( if menmber(v,¢1) then true else

th(cons (v,al),22,¢1,¢c2)) elae

if member(v,c2) then true else

th(al,cons(v,a2),21,c2);

Boolean procedure th(al,a2,cl,c2);

velue'al,a2,cl,c2; lnteger al,a2,cl,c2;"

th:= if null(a2) then ( if 7 nullf(c2) then

thr(car(c2),a1,22,c1,cdr(c2))

else false) else thl(car(a2),al,cdr(a2),c1,c2);
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Boolean procedure thi(al,a2;a;c);

value al,az,a,c; integer al,a2,a,c;

thl:= if null(a) then th2(al;a2,NIL,NIL,c) else if

member (car(a),c) then true else if

atom(car(a)) then th1(if member(car(a),al)

3

else thl(al, if member(car(a),a2) then a2

else cons(car(a),a2),ecdr(a),c);

Boolean procedure th2(al,a2,c1;c2,c);

value al,a2,cl,c2;,c; ‘integer al,al,cl,c2;c;s

th2:= if null(c) then th(al,a2,c1,c2) else if

atom(car(c)) then

th2 (a1,a2,if menber(car(ec),cl) then cl else

cons (car(c),c1),c2,cdr(c)) else:

th2(al,a2,c1,1f member(car(c),c2) then c2 else

cons (car(c),c2),cdr(c));

startlisp(XEEN (32767 )); call (NOT;,‘h:]:’); call (AND,,,\’#/Y*);
call(CR,4v}); call(IMPLIES,{T}); call (EQUIV,4=});
call(NIL,¥F); readstring(a); readstring (b )3 NICR;

if th1(NIL,NIL,a,b) then PRINTTEXT ({true}) elee

PRINTTEXT (dfalse})

end.
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Some examples of input and outprt:

inputstrings output
antecedent conseguent
£P}* ek false
{P}? AT PI Pt true
1B} Vb true
fHVrA I B H1areb = rprqbhh e true
fvrprghlh A TPIQEbe false
At ebrdrqbbs e H=1pabrdvir sk true
e} dat 1ok} true
{P}! Rk false
AT PIQE! ' Hvrprglhs true
FA} 4dvrprdiphbbe true
{fvrpab} v b true
g Mok pora mbbn e e true
Karerdara mbb otk true
dake vt ph bl true
dnde Hadarpabrdardaidrekbbb true
HOrpradt o pbdabkbt false
frqarprQbbde L prqbbhe true
fvrpitt  Hardad el true
fahr Hardvrprbrdrdabiekblt true
A Eb Qb Hvirishri= el true

V1P HAtPrgQhbpt false
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Fivrpiahh ' Hargred false

SEAEQbiahzS S $p} * frue
A e rEd Harardarprdrabb b eRE T true
ok #4{'_1'#/\ '{1 rp1Q b rdntpIREL tIANIQ 'REBRT true
AT PIQP AT PR HArQ R} true
FA}! ‘kﬂ'ﬁ'P'%’Q'«{‘l *Q}:i»:%{?lﬂ'}{#:#:#* true
fate 1A TR P Qbbb true
Harerbrdarerdakb A pb bl Hvrpraht true
v prQht FIATPIQP A PILTIQER A BRI true
dreb ek dats . false
fatr Havarrebreb ot true
Harprdatg Qbbb +rprrbe true

P. Ved. Iaarschot.



